The clockwork mechanism can explain interactions which are dimensionally very weak without the need for very large mass scales. We present a model in which the clockwork mechanism generates the very small Higgs portal coupling and dark matter particle mass necessary to explain cold dark matter via the freeze-in mechanism. We introduce a TeV-scale scalar clockwork sector which couples to the Standard Model via the Higgs portal. The dark matter particle is the lightest scalar of the clockwork sector. We show that the freeze-in mechanism is dominated by decay of the heavy clockwork scalars to light dark matter scalars and Higgs bosons. In the model considered, we find that freeze-in dark matter is consistent with the clockwork mechanism for global charge q in the range 2 q 4 when the number of massive scalars is in the range 10 ≤ N ≤ 20. The dark matter scalar mass and portal coupling are independent of q and N. For a typical TeV-scale clockwork sector, the dark matter scalar mass is predicted to be of the order of a MeV.
I. INTRODUCTION
The clockwork mechanism [1] [2] [3] is a way to explain the existence of interactions which are much weaker than those dimensionally expected in a theory with a characteristic mass scale. Such interactions are usually created by integrating out particles which have masses much larger than the mass scale of the low-energy effective theory. Various aspects of particle theory and cosmology are conventionally explained via interactions characterized by a large mass scale, such as neutrino masses, the axion solution to the strong CP problem, and suppressed baryon number violation. In clockwork models, the generation of very weak interactions without the need for very large mass particles may allow particle physics and cosmology to be explained entirely in terms of a TeV-scale theory. It may also allow the naturalness of the weak scale to be understood by eliminating large quantum corrections due to heavy particles [4] . There have been efforts to generalize the clockwork mechanism, for example to go beyond nearest-neighbor interactions in [5] and to formulate a gauged U(1) clockwork in [6] . The clockwork mechanism has also been used in a number of specific applications, including neutrino masses through the seesaw mechanism [7, 8] , muon g − 2 [9] , axions [10] , dark matter [7] , composite Higgs [11] , the weak gravity conjecture [12] , and inflation [13] . A critical discussion of the clockwork mechanism is given in [14] ; see also [15] .
In the case of a scalar clockwork model [2, 3] , very weak interactions can be achieved by introducing a sector consisting of a chain of N + 1 fundamental fields π j which transform as the Goldstone bosons of a spontaneously broken global U(1) N+1 symmetry. This symmetry is also broken explicitly to a residual spontaneously broken U(1) symmetry, which leaves a single massless eigenstate, a 0 . The a 0 field has a very small mixing angle in the expansion of the field at the end of the chain, π N , in terms of mass eigenstates. A fundamental assumption of the clockwork model is that only the π N field couples to the Standard Model (SM) sector. In this case, the a 0 field will have highly suppressed couplings to the SM fields and will also obtain a mass much smaller than the mass scale of the clockwork sector. It is also possible to obtain the clockwork sector from discrete extra dimensions 1 [2, 3] . The clockwork sector can therefore be viewed as the implementation of a phenomenological mechanism which explains the existence of very small couplings via the sector's structure, where by structure we mean the mass terms and couplings of the scalars, which have either a naturally large value or are equal to zero.
A specific example of a model which requires a very small mass and coupling is the freeze-in model of cold dark matter [16, 17] . In this model, a feebly interacting massive particle (FIMP) is produced by the decay of particles which are in thermal equilibrium 2 . For example, dark matter can be produced by the decay of thermal bath Higgs bosons interacting with dark matter scalars via the Higgs portal 3 [16] . The freeze-in mechanism requires that the dark matter particles are out of equilibrium, which in turn requires that the Higgs portal coupling is very small. The mass of the dark matter particle is also typically much smaller than a GeV. The clockwork mechanism is particularly well motivated as an explanation for very small couplings to H † H, as these cannot be explained by a conventional symmetry. In this paper we will present a scalar clockwork version of the Higgs portal freeze-in model which can account for the small portal coupling and dark matter particle mass.
The paper is organized as follows. In Sec. II we introduce the scalar clockwork Higgs portal model, in Sec. III we calculate the dark matter density from freeze-in, in Sec. IV we present our results, and in Sec. V we discuss our conclusions.
II. A SCALAR CLOCKWORK HIGGS PORTAL MODEL

A. The scalar clockwork sector
The scalar clockwork sector is a sector of real scalar fields with a particular pattern of mass mixing. It can be derived as the effective theory of a spontaneously and explicitly broken global symmetry or as the low-energy limit of a theory of discrete extra dimensions [2, 3] . We will follow the approach based on a broken global symmetry.
The scalar clockwork sector can be constructed by considering a set of N +1 scalars, π j ( j = 0, · · · , N), which are the Goldstone bosons of a G = U(1) N+1 = U(1) 0 × U(1) 1 × · · · × U(1) N global symmetry acting on complex fields φ j . The symmetry is spontaneously broken at a scale f , such that φ j = fU j where U j = exp(iπ j / f ). The symmetry is also explicitly broken. In the clockwork model of [2] , the explicit symmetry-breaking term is a dimensionless product of φ j fields parametrized by a coupling ε, while in [3] the symmetry breaking is considered to be due to spurion mass squared parameters. We will use the latter method in our construction. In this case there is a natural symmetry of the interaction terms, π j ↔ −π j , which keeps the lightest clockwork scalar stable. The charges of the spurion mass squared terms m 2
The resulting Lagrangian of the π j is then
For simplicity, the values of m 2 j are assumed to all equal a common symmetry-breaking spurion mass squared term,
where
This potential explicitly breaks G to a single residual spontaneously broken global U(1). On diagonalizing the resulting mass matrix, the mass eigenstate scalars a j are related to the π j via [3] 
Here i, j = 0, · · · , N and k = 1, · · · , N.Ñ 0 andÑ k are given bỹ
The masses of the mass eigenstate scalars are
In particular, for large N values we have m a 1 = (q − 1)m and m a N = (q + 1)m.
The important feature is the massless scalar a 0 , which is the Goldstone boson associated with the residual spontaneously broken U(1). Since a 0 is a Goldstone boson, it does not appear in the potential (4) due to the shift symmetry of a 0 . The clockwork mechanism is based on the fundamental assumption that only the π N field interacts with SM fields. In this case the a 0 scalar will have highly suppressed couplings to the SM sector due to the q −N factor in O N0 if q > 1 and N is sufficiently large compared to 1.
In the clockwork Higgs portal model, the coupling of π N to the SM is assumed to be via the Higgs portal. For example, this can be achieved 4 by introducing a further spurion mass term m 2
We then introduce an additional term given by
where H is the SM Higgs doublet. (For simplicity we will set q N = 1.) In addition to coupling π N to the SM Higgs boson, this term also explicitly breaks the residual U(1) symmetry, which allows a 0 to couple to the other clockwork scalars in the potential. Since the only mass scale in the theory prior to explicit symmetry breaking is f , we will consider Λ ≈ f in the following, although in general
We will work in the unitary gauge and write |H| 2 = (h + v) 2 /2, with v = 246 GeV being the vacuum expectation value of the SM Higgs. Then from Eq. (11) we obtain
where the center dots contain terms coming from higher-order interactions such as |H| 2 π 4 N . The symmetry-breaking approach results in a scalar clockwork sector which includes higher-order nonrenormalizable interactions in the potential. There will also be derivative interactions between the π j fields, of the form (∂ µ π j ∂ µ π j ) 2 / f 4 , from integrating out the radial fields η j of the complex scalars φ j ≡ (η j + f )e iπ j / f / √ 2. However, in order to explain small masses and couplings, the clockwork mechanism requires only the lowest-order terms of the effective theory. Therefore, we can also consider a minimal clockwork model based on a renormalizable sector which has only canonical kinetic terms and a renormalizable potential. In the renormalizable limit, the model becomes
In the case of the symmetry-breaking model, the renormalizable mass and coupling terms are given by
In general, a renormalizable sector could arise from a fundamental theory in the same way as the renormalizable SM itself, with an UV completion at a common scale (such as the Planck scale). In this case the U(1) symmetries are replaced by the corresponding shift symmetries of the π j fields. The first two terms in Eq. (14) explicitly break the N shift symmetries to a single residual shift symmetry. The remaining terms introduce interactions between π N and the SM Higgs and break the residual shift symmetry. In the following we will consider both the full symmetry-breaking model clockwork sector and the renormalizable limit of the clockwork sector.
B. Mass eigenstates and Higgs portal interactions
The π 2
term in Eq. (13) will cause a mass mixing between a 0 and a k (k = 1, · · · , N) which is proportional to O N0 O Nk . (In the following we will assume that v 2 /2Λ 2 1 and so set the π 2 N term to −m 2 N π 2 N /2 for simplicity.) In general, it is difficult to diagonalize the mass matrix to obtain the mass eigenvalues and eigenvectors. To obtain a useful expression which will allow us to calculate the freeze-in dark matter density, we adopt the following approach. Once the m 2 N term is introduced, the mass mixing term between a 0 and a k is given by 2m 2 N O N0 a 0 ∑ N k=1 O Nk a k . Therefore, only the linear combination proportional to ∑ N k=1 O Nk a k will couple to a 0 . Prior to introducing m 2 N term, we will assume that the mass terms are close to degenerate for
. (We will refer to this as the degenerate mass approximation.) In this case we will set all the diagonal terms to m 2 a 1 . In practice the masses m a k will be spread over a relatively small range ∆m, where m a N ≈ m a 1 + ∆m and ∆m = 2m a 1 /(q − 1) m a 1 . Therefore, we expect the degenerate mass approximation to provide a good estimate of the contribution of the heavy mass eigenstate scalars to the freeze-in dark matter density.
In the degenerate mass approximation, the mass matrix for the a k scalars prior to introducing the π 2 N mass term is simply m 2 a 1 times the identity matrix. Therefore, we can make an arbitrary orthogonal transformation of the a k fields to a new mass eigenstate basis a * k . Thus we can choose a new basis such that a
Thus the Higgs portal interaction of the heavy clockwork scalars in the degenerate mass approximation reduces to a system of two scalars, a 0 and a * 1 , with a * 2 to a * N decoupled from the Higgs portal. Once the π 2 N mass term is introduced, the mass terms of the (a 0 , a * 1 ) system become
where we have defined m 2
. Diagonalizing the mass matrix results in mass eigenstatesâ 0 andâ 1 , which are related to a 0 and a * 1 by
where the mixing angle α is given by
Since O N0 1, we can assume that m 2
where α 1 since O N0 1. The mass eigenstates are then
The corresponding mass eigenvalues are, using α 1,
. In terms of the mass eigenstates, the π N expansion is
The leading order interaction terms betweenâ 0 ,â 1 , and the Higgs boson h are then given by
Note that theâ 1 scalars will be kept in thermal equilibrium via the interactions λ 5 and λ 6 , which have no large suppression factor. Similarly, the other heavy scalars a * 2 , · · · , a * N will be kept in thermal equilibrium due to their interaction withâ 1 via the quartic terms in Eq. (4).
We note that since the shift symmetry of the Goldstone boson field a 0 is broken only by the portal interaction (10), the couplings ofâ 0 (≈ a 0 ) will always have a factor of O N0 for eachâ 0 . Therefore, quantum corrections to the portal couplings in Eq. (23), which are logarithmic with cutoff f , will be proportional to the same O N0 factors as the tree-level couplings and so will be small compared to the tree-level portal couplings. The portal couplings of the heavy clockwork scalars a 1 , ..., a N are not strongly suppressed, since the mixing angles O N j in π N are not very small for j = 1, ..., N. The logarithmic quantum corrections to these couplings are necessarily proportional to the tree-level portal couplings, since in their absence the clockwork sector would be completely decoupled from the SM sector. Therefore, quantum corrections to the Higgs portal couplings of a 1 , ..., a N will also be small compared to the tree-level portal couplings. 5 Thus the freeze-in mechanism is generally stable with respect to quantum corrections.
We next apply the interaction (23) to calculate the relic density ofâ 0 dark matter and to determine the conditions on the clockwork model necessary to account for the observed density of dark matter.
III. FREEZE-IN DENSITY OFâ 0 DARK MATTER
The freeze-in mechanism for the production of out-of-equilibrium dark matter [16, 17] is based on the accumulation of dark matter particles produced by the decay of a particle which is in thermal equilibrium. This was first considered for the case of Higgs boson decay to dark matter scalars in [16] and later generalized in [17] . For the case of a scalar particle B 1 decaying to a pair of scalars B 2 and X, where X is the FIMP dark matter particle, the yield of X particles from freeze-in is [17] 
where M P is the reduced Planck mass, m B 1 is the B 1 scalar particle mass, Γ B 1 is the partial decay width of B 1 → B 2 X. g B 1 , g * S , and g * are respectively internal degrees of freedom of B 1 , the effective degrees of freedom in the thermal bath for the entropy, and the effective degrees of freedom for the energy density. We will consider g * = g * S in the following. Most of the X production occurs at T ∼ m B 1 , so we consider g * to be equal to its value at T ≈ m B 1 . In practice g * = 106.75, corresponding to the fields of the SM. We will also consider the decaying particle to be a real scalar, so that g B 1 = 1. Then the present X dark matter density is
In the analysis in this paper we will consider mâ 1 > m h . In this case freeze-in via the Higgs portal interaction is due to the processâ 1 → hâ 0 . Theâ 1 decay rate is given by
Therefore, from Eq. (26) and with X ≡â 0 and B 1 ≡â 1 , we find
Thus the condition forâ 0 from freeze-in to be able to account for the observed dark matter density is
Replacing λ 3 , 
We also assume that q is large compared to 1 and N is significantly larger than 1, which will be true for realistic clockwork sectors. In this caseÑ 0 ≈ 1 [see Eq. (7) 
Thus the condition for freeze-in via the clockwork Higgs portal to account for the observed density of dark matter is
(We will set β = 1 in the following.) Theâ 1 scalars will freeze out of chemical equilibrium once their annihilation to Higgs bosons freezes out. We should therefore check that the relicâ 1 scalars can decay toâ 0 + h before nucleosynthesis. This requires that Γâ 1 H(T ) at T nuc . This is satisfied if
We will see that this is easily satisfied by the values of λ 3 necessary to account for the observed dark matter density.
In the limit where the dark matter scalars are exactly degenerate in mass prior to mixing, the scalarsâ 2 , · · · ,â N are decoupled from the Higgs portal and so would not be able to decay to h plusâ 0 . However, this is simply an artifact of the degenerate mass approximation, which is simply a way to estimate the total freeze-in production of dark matter scalars from the decay of the heavy clockwork scalars. We can allow a small breaking of the degeneracy which is sufficient to allow the heavy scalars to decay harmlessly via the Higgs portal without significantly altering the results of the degenerate mass approximation. In this case the decay ofâ 2 , · · · ,â N to h plusâ 0 also contributes to the total freeze-in density, but with a much smaller contribution than that fromâ 1 decay.
IV. RESULTS
In Fig. 1 we show values of q versus N for the case m a 1 = m N = 1 TeV and Λ = 10 TeV. In this case mâ 1 = 1.4 TeV. We find that q = 3.62 for a clockwork sector with 10 massive scalars, and q = 1.90 for a clockwork sector with 20 massive scalars. 6 [The corresponding values of m (= m a 1 /(q − 1)) are 0.38 and 1.1 TeV, respectively.] These values of q appear to be quite reasonable and show that the clockwork mechanism can naturally generate the necessary light dark matter particle mass and very small coupling required by the freeze-in mechanism.
An interesting feature of clockwork Higgs portal freeze-in is that a unique value of mâ 0 and λ 3 is predicted for a given Λ, m a 1 , and m N , which is independent of q and N. This is because in this case mâ 0 and λ 3 are both determined by the value of O N0 . Once O N0 is fixed by the relic dark matter density, the values of mâ 0 and λ 3 are also fixed, independently of q and N. This is quite different from a general freeze-in model, where larger values of the dark matter particle mass can be accommodated by simply reducing the Higgs portal coupling and so the number density of produced dark matter particles. Using Eqs. 
Thus the model predicts FIMP dark matter with a mass which is typically close to 1 MeV. Our calculation assumes that the range of heavy scalar masses is not large, so that treating them as degenerate is a reasonable approximation for determining theâ 0 density due to the decay of the heavy clockwork scalars. (In general, the freeze-in density is the sum of the contributions of the decay of each heavy scalar mass eigenstateâ k and so is effectively a sum of independent freeze-in processes.) The range of mass over which the N heavy scalars are spread corresponds to ∆m = m a N − m a 1 ≈ 2m a 1 /(q − 1). For N = 10, q = 3.62, and m a 1 = m N = 1 TeV, we find that ∆m = 0.76 TeV. Therefore, ∆m/m a k < 1 in this case and we expect the degenerate mass approximation to be accurate up to O(1) correction factors in theâ 0 mass and portal coupling. This can be seen from Eqs. (37) and (38), which show that mâ 0 and λ 3 are both linear in m a 1 . Therefore, if we replace m a 1 by m a 1 + ∆m ≡ m a N , we will obtain upper limits on mâ 0 and λ 3 , with the true values expected to lie between those with m a k = m a 1 and m a k = m a N for all value of k. Similarly, for N = 20 and q = 1.90, we obtain ∆m = 2.21 TeV. Therefore, ∆m/m a k ∼ 1 and so we would again expect the degenerate mass approximation to give a reasonable estimate of theâ 0 mass and portal coupling. The degenerate mass approximation has the great advantage of producing analytical results. To achieve greater accuracy, we would need to perform a full numerical diagonalization of the mass matrix for each set of model parameters.
In general, in models where the clockwork sector arises as the effective theory of an UV completion, nonrenormalizable interactions would also be expected. Of these, the most important for the freeze-in model are higher-order derivative interactions of the generic form
where Λ UV is the scale of the UV completion (with Λ UV ∼ f for the symmetry-breaking model). These result in interactions between a 0 and a k which have no large suppression from O N0 factors. For example,
where the product O 10 O 3 1 j gives the smallest suppression of this class of operator when j = N/2. Since theâ 0 (≈ a 0 ) must be out of thermal equilibrium for freeze-in to work, it follows that higher-order derivative interactions must be sufficiently suppressed in order for a clockwork sector to explain freeze-in dark matter. The minimum condition forâ 0 to be out of equilibrium is that Γ H at the reheating temperature T R , where Γ is the scattering rate ofâ 0 from thermal bath particles. This also assumes that T R is the highest temperature of the thermal bath, which is true if reheating is instantaneous. For interaction (40), we can dimensionally estimate the scattering rate to be Γ ∼ (O 10 O 3 1 j ) 2 T 9 /Λ 8 UV , where we are assuming Λ UV > T . Therefore, with H ∼ T 2 /M P , and including a factor k n to take into account the contribution of other scattering processes when computing the total thermalization rate, Γ total = k n Γ (where we expect that k n 100), the condition to evade thermalization becomes
Λ UV 50 TeV 8/7 .
For N and q large compared to 1 we find that O 10 ≈ 1/q and O 1 j ≈ 2/N for j = N/2. For N = 10 and q = 4 these give (O 10 O 3 15 ) 2/7 ≈ 0.3. The reheating temperature must be larger than the O(TeV) scale of the clockwork sector, since the heavy clockwork scalars are assumed to be close to relativistic during freeze-in. Therefore it follows that Λ UV 50 TeV is necessary to allow a window with T R 1 TeV. The lower end of this range, which is possible if T R ∼ 1 TeV and if reheating is instantaneous, is consistent with Λ UV being similar to f ∼ Λ ∼ 10 TeV in the symmetry-breaking model. However, if T R 1 TeV, or if reheating is not instantaneous, then higher-order derivative interactions must be highly suppressed in order for a clockwork sector to explain freeze-in dark matter. This is a strong constraint on the UV origin of the clockwork sector in freeze-in models and suggests that the TeV-scale clockwork sector is effectively renormalizable.
V. CONCLUSIONS
We have introduced a TeV-scale clockwork Higgs portal model for scalar dark matter from freeze-in. We have found that freeze-in occurs via the decay of the heavy scalars of the clockwork sector to the Higgs boson and the dark matter scalar, which is the lightest scalar of the clockwork sector. The necessary small portal coupling and dark matter scalar mass can be generated for reasonable values of the global clockwork charge, q, and the number of heavy scalars of the clockwork sector, N. An interesting feature of the model is that the mass of the dark matter scalar and the strength of the portal coupling are independent of q and N for a given set of model parameters. For a typical TeV-scale clockwork sector, we find that the dark matter scalar has a mass of around 1 MeV.
The clockwork model allows us to understand the very small Higgs portal coupling required for freeze-in purely in terms of the structure of the theory, without the need for any large mass scales. In general, there is no simple symmetry which can eliminate or suppress a coupling between the Higgs boson and a scalar φ of the form |H| 2 φ 2 , and one would dimensionally expect the coupling to be on the order of 1. Therefore, if we wish to avoid simply introducing a very small coupling, a structural explanation such as the clockwork model may be necessary. The model has the added advantage of explaining why the dark matter scalar mass is much less than the scale of electroweak symmetry breaking.
We note that the clockwork Higgs portal model we have introduced may also be used to generate metastable scalar clockwork weakly interacting massive particle (WIMP) dark matter, along the lines of the fermionic clockwork WIMP dark matter model of [7] . This is possible if the dark matter WIMP isâ 1 , which has an unsuppressed Higgs portal interaction and so a conventional WIMP-like freeze-out density, and if its decay toâ 0 + h is made extremely slow, by choosing sufficiently large values for q and/or N.
For freeze-in to be possible, higher-order derivative interactions between the clockwork scalars must in most cases be highly suppressed in order to prevent thermalization of the dark matter scalars. (An exception to this is the case where the reheating temperature is very low, T R ∼ 1 TeV, and reheating is instantaneous.) This is a strong constraint on the UV origin of the clockwork sector. It suggests that the clockwork sector in freeze-in models should be renormalizable below a high UV completion scale. For example, the clockwork sector and the renormalizable Standard Model sector could both originate from a single UV completion at a high energy scale. A renormalizable clockwork sector would also serve as a minimal implementation of the clockwork mechanism.
Finally, we comment on the possibility of experimentally testing this class of model at colliders. The phenomenology of the heavy clockwork scalars will have features in common with the phenomenology of gauge singlet scalars with a Z 2 symmetry, which also couple to the SM via the Higgs portal. These are difficult to detect when they can be produced only via off-shell Higgs boson decay. It may be possible to detect their existence at the high-luminosity 14 TeV LHC via their one-loop contribution to the process pp → h * → ZZ if the scalar mass is less than around 200 GeV [20] ; we anticipate that a similar contribution could arise from heavy clockwork scalars if their mass were not too large compared to the Higgs mass. At future e + e − colliders producing large numbers of Higgs bosons, for example CLIC at 3 TeV, it may be possible to directly produce heavy clockwork scalar pairs via off-shell Higgs decay. The heavy clockwork scalars have a distinctive decay process, where they decay to a lighter clockwork scalar plus either a Higgs boson or, if the mass splitting between the heavy clockwork scalars is less than the Higgs boson mass, a quark or lepton pair via Higgs exchange, with subsequent decay of the lighter clockwork scalars via the same process, ending with missing energy in the form of long-lived next-to-lightest clockwork scalars. This may allow their production to be detected, even if it is at a low rate.
